Abstract-Traditional methods of determining steady-state power system operating points are not applicable to droopcontrolled microgrids. The conditions of an islanded microgrid, including the absence of a slack bus and inherent coupling of complex power, frequency, and bus voltage, require new tools to properly analyze. In this study, a method of determining the operating points of droop-controlled microgrids is proposed. The procedure is similar in form and function to a traditional power flow analysis, but is performed in the synchronous reference frame to ensure compatibility with conventional inverter models. A quasi-Newton iterative process is used to solve the nonlinear equations pertaining to each generation unit and load bus. The method provides a structured approach to determining the consistent system-level linearization points required for large-scale microgrid studies. Grid-forming, grid-feeding, and grid-supporting generation units are supported, along with both constant impedance and constant power loads. The method is validated in hardware experiments, simulations, and comparisons to results of existing power flow algorithms. As an example of the method's potential applications, a procedure for determining droop constants that ensure equal Q sharing between generation units is constructed around the proposed method's basic functionality.
I. INTRODUCTION

F
UTURE power delivery systems are expected to be more reliable, more flexible, and more intelligent than those in use today. To satisfy these objectives, the microgrid concept has been proposed as a potential solution [1] , [2] . Microgrids have enjoyed significant interest from both power electronics and power systems research communities. A key characteristic of the microgrid architecture is the ability to operate in islanded conditions, supported by locally-interfaced generation sources and energy storage. Control schemes for islanded microgrids are an active area of research, but one of the most prominent methods in existing literature is the P/f, Q/V droop control approach [3] , [4] . This control strategy mimics the behavior of synchronous machines and provides equal power sharing between generating units with no communication requirements. Droop-controlled inverters have been studied in depth, and detailed dynamic models of their behavior have been derived [5] - [7] . The typical objective of inverter modeling studies is to support controller design and performance analysis. To simplify these tasks, inverter models are often derived in the synchronous reference frame. A dynamic model of a single inverter and control system may contain as many as 14 states [5] , [7] , [8] , all of which are pertinent to control objectives. Additionally, as a result of the reference frame transformation and internal power calculations, the models are nonlinear. In order to utilize the powerful tools of linear analysis, the models must be linearized at a stable operating point. The process of determining the steady-state operating point is often omitted from studies involving a single inverter or small system of inverters. The operating point of the system corresponds to an equilibrium solution of the nonlinear equations of the model, and calculating this solution is straightforward for a small number of equations. However, for a system of multiple inverters, the full set of equations must be solved simultaneously, or the system operating point will not be consistent and the model will be inaccurate [9] .
The detailed and nonlinear nature of inverter models creates scalability problems for system-level studies. Even after the system model is linearized, the size of the model is often too large to be of practical use. For example, applying the inverter model proposed in [7] to a system containing 7 inverters, such as the one considered in this study, would result in a total of 98 nonlinear equations in addition to those pertaining to system loads and lines. This fact has motivated the use of model-order reduction techniques to generate models more suitable for system-level analyses [8] , [10] . However, the problem of specifying a consistent operating point suffers the same scalability issues, and solving the full set of nonlinear equations is impractical for systems of realistic size. A more computationally efficient solution may be achieved by reframing the problem as a power flow analysis. More importantly, this strategy allows the problem to be treated systematically in a framework that is familiar to power system engineers.
Steady-state analysis techniques are well established for conventional power systems. However, the unique conditions of islanded microgrid operation limit the applicability of many of these tools. Most importantly, the assumption of constant system frequency (and a slack bus to support this) is directly violated by droop-controlled microgrids. Indeed, variation in frequency is necessary for power sharing between droop-controlled generating units to occur. For some applications, it is possible to approximate the frequency as being constant. In [11] , conventional power flow methods are used for an islanded microgrid by treating the local bus of the generating unit with the highest power rating as a slack bus. This same strategy was applied in [12] , and was used in conjunction with a sequence-frame-based power flow method. However, the accuracy of these methods is limited by the constant frequency approximation, and they cannot provide consistent solutions to the nonlinear equations governing the microgrid's behavior.
To address the shortcomings of conventional methods, novel approaches specifically intended for islanded microgrids have been proposed. In [13] steady-state values were determined using particle swarm optimization. A Newton-trust region method was proposed in [14] , and a modified Newton-Raphson method was proposed in [15] . The key feature of these methods is that they incorporate the microgrid's variable frequency and droop relationships. However, they are implemented in the stationary reference frame, and treat all voltages and currents as phasors. These methods are therefore useful for steady-state analysis, but do not provide the information necessary to linearize a dynamic model at the system level. Specifically, the angular differences between the generating units' synchronous reference frames are not identified by these methods. These angle differences are critical to specifying a consistent system-level operating point.
The contribution of this study is a scalable method of determining steady-state operating points of a droop-controlled microgrid. This method is similar in structure to a traditional power flow analysis, but provides steady-state values as d-and q-axis quantities to ensure compatibility with inverter models derived in the synchronous reference frame. The method's efficient calculation of system-level operating points simplifies the linearization of inverter models and readily supports objectives in microgrid analysis and design. As a steady-state analysis tool, the method calculates exact power flow solutions for islanded, inverter-based power systems.
The remainder of the paper is structured as follows. Section II reviews the dynamic model of an islanded microgrid and the control system of the underlying inverters. The purpose of this discussion is to identify the operating points required to linearize the microgrid model. Section III uses the equations developed in Section II to illustrate the relationship between the operating point of the dynamic model and the solution to the power flow problem. The steady-state modeling machinery developed in Section III is the basis of the iterative method used to solve the power flow problem in synchronous reference frame. The iterative method itself is presented in Section IV, and is validated in Section V. The validation includes comparisons of calculated results to hardware experiments, simulations, and results of existing methods from the literature. As an example of potential applications of the proposed method, Section VI describes an optimization procedure for ensuring equal Q-sharing between inverters.
II. MICROGRID DYNAMIC MODEL
The dynamic models used in this study are equivalent to those presented in [7] and [16] . The droop-controlled inverter model was developed for standalone operation in [16] and was used in [7] to construct a dynamic model of a full microgrid system. A detailed review of the inverter and microgrid models is given in this section. The inverter model is discussed first, followed by multi-inverter microgrid model. In all state equations, dot notation is used to denote the derivative with respect to time.
A. Droop-Controlled Inverter Equations
Droop-controlled inverters are the fundamental building blocks of a microgrid. These inverters autonomously regulate the voltage and frequency of their local bus, acting as gridforming generation units [17] . The inverter and control system used in this study are shown in Fig. 1 . The inverter shares common elements with many other droop-controlled inverters described in the literature, including a dual loop control structure, synchronous reference frame phase locked loop (PLL), and LC/LCL output filters [9] .
1) Reference Frame Transformation:
The inverter measures filter capacitor voltage and inductor currents. These measurements must be transformed into the synchronous reference frame. This is accomplished using a reference frame transfor- , and v c are stationary reference frame voltages. The same relationships apply for filter inductor current i l and output current i o . The transformation angle θ is the phase angle calculated by the PLL. This transformation is given in [18] , and is sometimes referred to as a qd0 transformation (as opposed to a dq0 transformation).
2) PLL: A conventional synchronous reference frame PLL is used to track phase and frequency. The PLL forces the daxis component of the capacitor voltage to 0 such that the qaxis is equal to the voltage magnitude at steady-state. This is accomplished using a proportional-integral (PI) controller. The PLL equations arė
where φ P LL is the integrator state of the PI controller, k p, P LL and k i, P LL are the proportional and integral gains, respectively, and ω P LL is the calculated frequency. The equations describing this PI controller (and all others in the forthcoming discussion) are structured such that the value of the integrator state is equal to the controller output at steady-state. In the case of the PLL, this means that φ P LL is equal to ω P LL at steady-state. This formulation is equivalent to that given in [7] , but is rearranged here to simplify steady-state analysis.
3) Outer Control Loop:
The outer control loop consists of active and reactive power calculations, algebraic droop equations, and a set of PI controllers that provide current commands to the inner control loop. Instantaneous active (p) and reactive (q) power outputs are calculated from the capacitor voltage and output current.
First order low pass filters are used to calculate average active and reactive power from the instantaneous power values. The filter equations areṖ
where ω c is the cut-off frequency of the low pass filter. The droop equations provide voltage magnitude and frequency references based on the active and reactive power values. The droop equations are
where m and n are droop constants, ω n is the nominal grid frequency, and V n is the nominal bus voltage. 
where
, and k i, q are proportional and integral gains of the respective d and q-axis controllers.
4) Inner Control Loop:
The inner control loop is responsible for regulating the filter inductor currents according to the references provided by the outer loop. Two PI controllers are used for this purpose. The outputs of these controllers are voltage references, which are used to generate switching signals. Space vector modulation is typically used for this purpose. The current controller equations arė
, and k ic, q are gains. The rightmost terms in (16) and (18) remove the cross-coupling effect of the reference frame transformation.
5) LCL Filter Equations:
The output of the inverter is connected to the microgrid through an LC or LCL filter. The three reactive filter components are the filter inductor L f , filter capacitor C f and coupling inductor L c . The model includes the parasitic resistance of these components. The resistance of the filter capacitors is lumped together with a damping resistor R D . The coupling inductance (and its associated parasitic resistance) may be due to a discrete coupling inductor, an isolation transformer, or just the small parasitic impedance between the filter capacitors and the local microgrid bus. The impedance of this connection is a significant factor in the operating point of the microgrid. The filter equations arė (21) and (22) are the voltages at the grid side of the coupling inductor.
6) Local and Global Reference Frames:
Each inverter model is derived in its own local reference frame. The scope of the local reference frame is shown in Fig. 1 . when modeling a system of inverters, it is necessary to refer each inverter's terminal voltages (v 
where δ is the angular difference between the local and global reference frame. Lowercase has been used in (25) to denote quantities in the local reference frame, and uppercase to denote those in the global reference frame. The angle δ is defined bẏ
where ω is the rotational frequency of the global reference frame. For grid connected systems, ω is the nominal grid frequency. For an islanded system, the global reference frame is defined by an arbitrarily selected inverter. For this inverter, ω = ω P LL and δ = 0. It follows thatδ = 0 and the local and global reference frame quantities for this inverter are always equal. After collecting all the necessary equations, the droopcontrolled inverter model has the nonlinear forṁ
where f inv is defined by state equations (2), (7), (8), (11), (13), (15) , (17), (19)- (24) and (27). State vector x inv and input vector u inv are
The model in (28) describes the inverter dynamics as a function of its terminal bus voltage. The system level model, discussed in the following section, calculates these voltages from the inverter output currents, load currents, and line currents.
B. System-Level Equations
Consider a system with N buses. An abstract view of this system is shown in Fig. 2 . In the most general case, each bus may connect to a local inverter, a local load, and to any of the other buses in the system. The load and line equations are derived in the global reference frame. A constant impedance load at bus i is described bẏ
For the N bus system, the load states are
When adjacent buses i and j are connected through a transmission line, the current through lines is described bẏ
By convention, the line current states I The model in (28) describes the inverter dynamics as a function of global reference frame bus voltages. To construct the system-level model, these bus voltages must be expressed in terms of the states of the microgrid model. Using the virtual resistor method, all bus voltages may be expressed in terms of the currents flowing into and out of the bus. This method assumes a high resistance connection between bus i and ground. In reality this resistance (r n ) is an open circuit, and has infinite resistance. However, modeling r n with a finite but large resistance (typically > 10 kΩ) enables the following bus voltage expressions, and has negligible impact on model dynamics. This method is commonly used in microgrid dynamic models [5] , [7] , [9] , [16] , [19] . While r n is a mathematical convenience for the dynamic model, the presence of virtual resistance terms introduces a small steady-state error. The error is negligible for small or low voltage systems but becomes more significant as system size increases. This causes the equilibrium solution of the dynamic model to be slightly different than the system-level operating point determined through power flow analysis. This is discussed further in Section IV.
The voltage expressions for bus i are a function of the inverter output currents, load and line currents, and any other currents injected into the bus. External currents I at bus i are
(37)
Equations (36) and (37) provide the relationships needed to calculate the inverter model input vectors u inv in terms of the system-level states. Therefore, the full microgrid model has the autonomous formẋ
where f m g contains the inverter state equations in (29), load equations (31) and (32), and line equations (34) and (35). The microgrid state vector is
The number of states in x m g and equations in f m g depends on the number of inverters, loads, buses, and the configuration of line connections. As a point of reference, a modified IEEE 37-bus system (which is discussed at length Section V) contains 7 inverters and 25 loads. If loads are considered to have constant impedance, this system requires 215 states and equations to model; if PQ loads are considered the model requires 165 states and equations. The steady-state operating point of the microgrid, x op , is the equilibrium solution of the system of nonlinear equations
III. OPERATING POINTS AND POWER FLOW VARIABLES
In conventional power system analysis, the power flow solution includes the unknown voltage magnitudes and phase angles for each bus in the system. For an islanded microgrid, the system frequency is variable, so the solution must include the frequency as well. The basic premise of this study is that x op is fully determined by the solution of the power flow problem. In other words, x op can be directly calculated from system frequency, voltage magnitudes, and reference frame angles. This section shows how this is done, with the assumption that the power flow solution has been found; Section IV describes the process of calculating the power flow solution.
A. Inverter Operating Points
At steady-state, the outer loop of the inverter regulates a constant voltage and frequency at the filter capacitor. Assume that system frequency ω, capacitor voltage magnitude v q , and reference angle δ are provided by the power flow solution. The q-axis capacitor voltage is equal to the voltage magnitude due to the steady-state behavior of the PLL, which forces v d to 0. This is clear from (2) , with the time derivative set to 0.
Setting time derivatives to 0 in state equations (11) and (27) yields the following relationship:
Substituting (41) into the P/f droop equation (9) allows active power to be expressed in terms of the system frequency.
Similarly, outer loop controller and Q/V droop equations (13) and (10) may be rearranged to calculate steady-state reactive power.
Output currents may be determined by substituting voltage terms into (5)- (8) and rearranging to isolate current terms.
From (23) and (24), the filter currents are
Only the integrator states of the PI controllers remain undetermined. The integrator states of the outer loop (φ d and φ q ) may be calculated from filter currents by combining (12), (14), (15), and (17) .
To find the integrator states of the inner loop (γ d and γ q ), (19) and (20) (16) and (18) . The resulting relationships are
Finally, from (3) the integrator state of the PLL is
In summary, all steady-state values of the inverter model may be calculated directly from system frequency ω, local inverter voltage v q , and reference frame angle δ.
B. Microgrid Operating Point
At the system level, the states to be determined are the load and line currents. Since the system frequency is provided by the power flow solution, basic circuit analysis techniques may be used. At steady-state, the inverter acts as a voltage source behind its coupling impedance. This is shown in Fig. 3 . The voltage source is equal to the inverter's capacitor voltage, transformed into the global reference frame. For inverter i, this source is modeled as a complex quantity, V i .
The coupling impedance is:
The local PQ loads at bus i are represented in Fig. 3 by the external currents source I ext, i . The process of calculating load and line current state begins with this basic steady-state equivalent circuit.
1) Constant Impedance Loads:
Consider first a microgrid containing only inverters and constant impedance loads, i.e. no PQ loads. In Fig. 3 , this corresponds to the case that I ext, i = 0. The voltage source and coupling inductance of the inverter may be converted to a Norton equivalent circuit. The resulting model for bus i is shown in Fig. 4 , after grouping parallel current sources together. The equivalent current source is
The advantage of this conversion is that the equivalent current source injects current directly into the local bus. This simplifies the process of calculating bus voltages, which are needed to determine the load and line currents. Bus voltages may be found from the injected currents and the system bus impedance matrix, Z bus (ω). The bus impedance matrix is a well-known concept in power system analysis. Since ω is given by the power flow solution, the same methods used to determine Z bus (ω) for conventional power systems are applicable here. In addition to load and line impedances, the bus impedance matrix must include the coupling impedance Z c (ω) and resistance r n (if virtual resistance terms are used). The bus voltages are then
In (59), V b and I inj are N -vectors. When there are no PQ loads in the system, the only currents injected into each bus are from inverters. Therefore, I inj, i = I sc, i when an inverter is present at bus i, and I inj, i = 0 otherwise. Once V b has been determined, it may be broken into synchronous reference frame quantities as
These voltages provide all necessary information to determine load and line currents. Rearranging (31) 
Similar rearrangements of (34) and (35) provide equations for line current states. 
The negative signs in these equations are a result of the polarity defined for I 
Equations (66) and (67) Equations (69)- (71) express the PQ load currents as a function of known power specifications, bus voltage magnitude, and angle reference. Therefore, the power flow solution must also include v q b, i and angle ζ i for each PQ load bus in the system. This is consistent with the requirements for PQ loads in conventional power flow analysis.
IV. MICROGRID POWER FLOW SOLUTION
The preceding sections have shown how the full operating point of a microgrid, including steady-state values of the inverter, loads, and lines, may be calculated from system frequency, voltage magnitudes, and reference angles. This section presents an iterative method for calculating these variables. The method is structured like the conventional power flow problem. Nonlinear power mismatch equations are constructed for all inverters and PQ loads. The equations are solved iteratively, using a quasi-Newton method. A flowchart of the proposed method is shown in Fig. 5 .
A. Problem Organization
Consider the generic N -bus system. In the most general form, each bus contains both an inverter and a PQ load. The state of the iterative solver is The full set of power mismatch equations is
The inverter power mismatch equations are difference between the calculated inverter output power and the set-points provided by the droop equations. The PQ load mismatch equations are similar, but with setpoints provided by the constant power specifications.
B. Quasi-Newton Iteration
The power flow solution is the vector y * such that F (y * ) = 0. The solution is computed numerically using a quasi-Newton method rather than the standard Newton-Raphson method. Quasi-Newton methods have the form
where k is the current iteration and matrix M is an alternative to the Jacobian matrix used in standard Newton-Raphson [20] . Calculation of the standard Jacobian would be computationally expensive for the equations in F (y). In particular, the partial derivatives with respect to ω do not have a convenient or structured form, since ω is included in reactances of loads, lines, and coupling elements. A more efficient alternative is to approximate the elements of the Jacobian matrix using numerical differentiation. One of the simplest approaches is the forward difference approximation. For some small perturbation h of the states, the forward difference approximation is
These approximations are used to populate M . It is possible to use more complicated approximations, such as the central difference approximation or the Richardson approximation [20] , but the forward difference approximation is computationally inexpensive and provides quick convergence in practice. The states of the system are initialized according to the nominal parameters, i.e. ω = ω n , v 
C. Evaluation of Mismatch Equations
Each iteration begins with the states in vector y k and systematically computes the numerical value of F (y k ) using the steady-state models and relationships from Section III. Some equations have been repeated here for the sake of algorithm completeness.
The first step is to convert inverter voltages and angles to complex variables in the global reference frame.
The coupling impedance of the inverter, Z c (ω), is frequency dependent and must be updated at each iteration. Inverters are converted to Norton equivalent circuits to facilitate the calculation of injected currents. The equivalent current source is
The PQ load currents are calculated in the global reference frame. Combining (69), (70), and (71), the load currents are
With I sc and I ext known, the vector of currents injected at each bus (I inj ) is set according to (68). Bus voltages are calculated from I inj as
Since ω changes between iterations, the bus impedance matrix must be updated at each iteration. This is a key difference between microgrids and conventional power systems. When the system contains a slack bus, it is capable of sourcing sufficient power to keep frequency constant, or near enough to justify a constant-frequency approximation. The assumption of constant frequency leads to constant system-level admittance and impedance matrices, which are a central component of conventional power flow analysis. Islanded microgrids do not contain a slack bus, and are therefore unable to utilize a constant admittance or impedance matrix. Once bus voltages have been determined, inverter output currents I o, i are calculated as
Finally, (global) synchronous reference frame quantities are recovered from complex variables I o and V b .
The quantities in (80), (81), (84), (85), (89), and (90) contain all the information necessary to evaluate the power mismatch functions in F (y k ). The iterative method is complete when the norm F (y k ) is less than the prespecified error tolerance, . If the norm is not less than , the iterative state is updated using (78), and the process repeats.
D. Discussion
Numerical evaluation of F (y) is the core of the proposed method. The quasi-Newton iteration uses F (y) both in the primary update equation and in the numerical approximation of the Jacobian. It is critical that the process of evaluating this function be as efficient as possible. As shown here, most of the process consists of straightforward, sequential calculations. The only exception is the determination of the bus impedance matrix. The building algorithm [21] is a method of calculating Z bus (ω) for large power systems. The building algorithm is well-suited to this application due to its scalability and computational efficiency.
The dynamic microgrid model uses a virtual resistance, r n , to facilitate the calculation of load and line current dynamics. As a result, the equilibrium solution of the model equations, x op , includes an inherent steady-state error due to resistive losses. Since r n is typically very large, this steady-state error is small. Nonetheless, when the proposed method is used to determine x op , virtual resistances must be included in Z bus (ω), or the calculated operating point will not equal model's equilibrium solution. The inclusion of virtual resistances is only necessary to provide consistent operating points to the dynamic model. With r n terms omitted from Z bus (ω), the proposed method calculates the exact system-level operating point, free from the inherent steady-state error of the dynamic model. Therefore, when the proposed method is used for power flow analysis, all virtual resistance terms should be omitted.
E. Modification for Grid-Supporting Inverters
The preceding sections have considered grid-forming generation units and PQ loads. However, a microgrid may also contain grid-supporting inverters, which do not operate in droop control [17] . The proposed method is fully capable of including these inverters in the power flow analysis.
The most general grid-supporting inverter simply injects power according to external commands, acting as a constant power source behind a coupling impedance. In steady-state, the output power of a grid-supporting inverter is equal to its exogenous power commands, P cm d and Q cm d , which are known and constant for a given operating point. The power mismatch equations that represent the grid-supporting inverter in F (y) are
These equations require the same iterative states as the droopcontrolled inverter, i.e. voltage magnitude v q i and reference angle δ i .
The grid-supporting class of inverters also includes the PV bus type, which plays a major role in traditional power flow studies. When acting as a PV bus, the inverter regulates constant voltage magnitude and externally commanded active power. The voltage is regulated at the point of sensor measurement, i.e. at the filter capacitor. An inverter regulating constant active power and bus voltage requires only one mismatch equation, which is identical to (91). This inverter contributes only a singe state (δ) to y, since the local q-axis voltage is assumed to be equal to the commanded voltage magnitude in steady-state. Other gridsupporting inverter types may be handled in a similar manner.
V. VALIDATION
The objectives of the validation studies are to demonstrate the accuracy, scalability, and speed of the proposed method. To assess accuracy, operating points calculated using the proposed method are compared to results from hardware experiments, simulations, and existing power flow methods in the literature. First, a minimal 2-bus system is considered, and calculated operating points are compared to measurements from a small-scale hardware microgrid. Next, operating points are determined for a 6-bus system. This same system has been used in previous power flow algorithm studies, e.g. [14] , [15] , and the calculations of the proposed method are used to corroborate the results of existing algorithms. To assess accuracy for systems of more realistic size and complexity, a modified IEEE 37-bus system is considered. Operating point calculations for the 37-bus system are compared to results of time-domain simulations performed in PLECS. In the 6-bus and 37-bus tests, both constant impedance and constant power load characteristics are considered.
To evaluate speed and scalability, execution times of the proposed method and alternate operating point calculation methods are compared for systems of varying size. The alternate methods include computing the equilibrium solution to the dynamic model equations and conventional power flow analysis. Conventional power flow analysis is not applicable to islanded systems, but the systems under consideration may be converted to grid-connected equivalents by allowing the bus at the point of common coupling to act as a slack bus.
A. Minimal 2-Bus Microgrid System
The two bus system represents the minimal complexity islanded microgrid. The system consists of two inverters with local loads, separated by a line impedance. The same system was used in [7] to verify the accuracy of the microgrid dynamic model. The system is small enough to be constructed as a laboratory-scale testbed, and is included in this study so that the operating points calculated by the proposed method may be compared to hardware results.
Hardware and control parameters for the two bus system are shown in Table I . All hardware parameters and nominal values are the same for both inverters, with the exception of parameters pertaining to the loads. The load at bus 2 can switch between two settings, with two corresponding resistance and inductance values. These are labeled with 'a' and 'b' subscripts in Table I . Each setting requires a distinct operating point. The inverters are constructed around Infineon BSM30GP60 IGBT modules and operate with switching frequency of 5 kHz. Their control systems are implemented in Texas Instruments TMS320F28335 digital signal processors (DSPs). During the experiment, the DSPs record state variables used by the control systems, including active and reactive power, frequency, capacitor voltages, and output currents. Voltages and currents are recorded as synchronous reference frame quantities in the inverters' local reference frames. The experiment consists of a load step change at bus 2. The system starts with the load at bus 2 in setting 'a,' i.e. Z load, 2 = R load, 2a + jωL load, 2a . Once the inverters have reached steady-state, the load at bus 2 is switched to setting 'b,' and the system is again allowed to reach steady-state. The load configuration changes at t = 2 s. After collecting hardware measurements, the proposed method is employed to calculate the operating points for the two load settings. Since the objective of this test is simply to find the steady-state operating points, virtual resistances are omitted from the bus impedance matrix.
In Fig. 6 , the calculated operating points are superimposed on state waveforms recorded in the hardware testbed. Since the operating points are constant in time, they are plotted as piecewise constant lines. The operating point for load setting 'a' is plotted for time t < 2 s; the operating point for setting 'b' is plotted for t > 2 s. These results demonstrate that the proposed method correctly identifies the steady-state operating point of the microgrid.
B. 6-Bus System
The 6-bus system, which is shown in Fig. 7 , was used in [14] and [15] as a test case for islanded microgrid power flow algorithms. The parameters of this system are given in [14] . These previous studies list system operating point results as per unit voltages and phase angles, whereas the proposed method provides q-axis voltages and reference frame angles. However, these values contain the same information, and can easily be transformed from one convention to the other. An additional difference is that the bus numbering scheme in [15] labels each inverter output as its own distinct bus. In the labeling scheme used for this study, voltages at buses 1, 2, and 3 correspond to v Notational differences aside, the proposed method and the methods in [14] and [15] arrive at the same operating point results. This is shown in Table II for both the case of constant impedance loads and constant power loads. These tables include calculations of the proposed method and the results of the modified Newton-Raphson (MNR) approach from [15] . For consistency with [15] , voltages are converted to per unit values and reference angles are converted to phase angles. Phase angles in Table II are specified in degrees. The relationship between the phase angles and reference frame angles is
where θ g is the phase angle of the global reference frame. When inverter 1 sets the global reference frame, δ 1 = 0, and θ 1 = θ g . The rest of the phase angles may then be determined from θ g . The actual value of θ g can be set arbitrarily. In [15] , bus 1 is assumed to have a phase angle of 0. To calculate phase angles that correspond to this assumption, θ b, 1 is set to 0. Then θ g = 0 − ζ i , and the rest of the phase angles are calculated from θ g . The similarity of the results in Table II indicates that the proposed method and MNR converge to the same operating point. The MNR results were given in [15] in the context of comparisons to PSCAD simulations. The maximum relative error between the MNR results and simulations was also given: 1.62% for the constant impedance case and 0.91% for the PQ load case. With respect to the same PSCAD simulation results, the proposed method achieves reduced maximum relative error under the same solver conditions (flat start and tolerance of = 10 −5 ). The maximum relative errors of the proposed method are 0.81% and 0.04% for the constant impedance and PQ load cases, respectively.
C. 37-Bus System
To assess the accuracy of the proposed method for a more realistic system, a modified IEEE 37-bus system is considered. The standard IEEE 37-bus system is modified by adding 7 inverters at different buses throughout the network. The system is shown in Fig. 8 . The inverter locations, loads, and line parameters are the same as those used in [8] except that the impedances have been scaled for operation at 60 Hz with nominal q-axis voltage of 170 V. This q-axis voltage magnitude corresponds Table III . The droop constants were set as the maximum allowable deviation in frequency or bus voltage divided by the inverter's maximum active or reactive power. The maximum frequency deviation was set as 1 Hz (or 2π rad/s), and the maximum voltage deviation was set at 12 V. As was the case for the 6-bus system, both constant impedance and constant power load configurations are considered. For the constant impedance test, load impedances were calculated from the corresponding power values at nominal bus voltage and frequency. For both tests, all inverter coupling impedances were
To assess the accuracy of the method, the calculated values of frequency, local voltages, and reference frame angles are compared to results from time-domain simulations performed in Simulink with the PLECS blockset. Numerical parameters used in the calculations were tolerance = 10 −5 and perturbation h = 10 −4 . The results of the constant impedance and PQ load tests are summarized in Tables IV and V, respectively. Since all bus voltages and ζ-angles are dependent variables for the constant impedance test, they are omitted from Table IV. For both tests, the steady-state values calculated using the proposed method and those determined in simulation are identical to working precision.
D. Speed and Scalability
The algorithm speed assessment involves measuring execution times for systems of varying size. The 6-bus system and 37-bus systems are considered, along with two other intermediate size systems (16-bus and 25-bus systems) derived from the 37-bus system. To produce these intermediate networks, segments of the 37-bus system are removed. Referring to Fig. 8 , the 25-bus system is created by opening the line between buses 9 and 8, and eliminating all network elements downstream of this connection. Likewise, the 16-bus system is created by removing all elements downstream of the connection between buses 2 and 3.
The execution time of the proposed method is compared to the time necessary to solve the full dynamic model equations in (40), and to the execution time of a conventional power flow analysis. The solution to the dynamic model equations provides the exact linearization point for the dynamic model, including any virtual resistance terms. This method represents desirable accuracy characteristics, since it provides the exact model operating point, but undesirable execution time due to the sheer number of equations to be solved. In contrast, conventional power flow has unacceptable accuracy for an islanded microgrid, but has exceptional speed characteristics due to its quadratic convergence. To perform conventional power flow analysis, the 37-bus system, 25-bus system, and 16-bus system are converted to grid connected system by closing the switch at bus 37. Similarly, the 6-bus system is converted by assuming that bus 1 acts as a slack bus.
Both the conventional power flow and the dynamic model solution are computed using the standard Newton-Raphson method. The Jacobian of the dynamic model is known by default, since it is used later to produce the state matrix of the linearized model. For all methods, the error tolerance is = 10 −5 . As in previous tests, the perturbation used in the numerical Jacobian of the proposed method is h = 10 −4 . All loads are considered to have PQ characteristics, since this represents the worst-case execution time for the proposed method. The results are measured in MATLAB on a PC with CPU frequency of 3.4 GHz and 16 Gb of RAM.
The execution time results are shown in Table VI . As expected, the conventional power flow is fastest in all cases. However, the proposed method has similar convergence rates to conventional power flow. For all systems, both the proposed method and the conventional power flow converge in 4 iterations. The proposed method compares favorably with the calculation of the dynamic model solution, which scales poorly with the size of the system. The dynamic model solution requires between 6 and 8 iterations and, due to the number of model equations, takes significantly longer per iteration. For the 16-bus, 25-bus, and 37-bus system, the execution time of the dynamic model solution is an order of magnitude greater than that of the proposed method. The results in Table VI and the preceding accuracy tests indicate that the proposed method provides the accuracy of the dynamic model solution with the execution time of conventional power flow.
VI. APPLICATION TO Q-SHARING
To further demonstrate the utility of the proposed method, the quasi-Newton iteration process is used in conjunction with a droop constant optimization routine. The objective of the optimization problem is to ensure equal Q-sharing between inverters. It is well known that a droop-controlled microgrid will not share reactive power equally without the use of modified droop equations or a hierarchical control strategy [6] , [22] . In the latter solution, a central controller provides periodic commands to each inverter over a low bandwidth communication channel, adjusting control parameters as necessary. The following example illustrates how the proposed method may be used to support this hierarchical control approach through the calculation of appropriate droop coefficients.
To minimize the difference in Q between each inverter, an appropriate objective function is 
The partials in (96) are straightforward derivatives. Matrix 
∂f ∂n
The steepest descent iteration alternates between updating the input vector and calculating the corresponding operating point. This continues until the change in ∇C between iterations is less than some predetermined tolerance. The optimization procedure was applied to the 37-bus system with PQ loads. A step size of γ = 2.5 × 10 −4 was used with a ∇C tolerance of 10 −2 . The results of the optimization are shown in Table VII .
When the optimized Q/V droop coefficients are used, all inverters share equal amounts of reactive power. This is further illustrated by the dynamic simulation results shown in Fig. 9 . These results were simulated in Simulink/PLECS, with solver tolerance of 10 −5 and maximum time step of 10 −3 s. The PQ loads and line parameters are the same as those used for the 37-bus validation experiment in the previous section. The in- verters initially operate with the original droop constants. At time t = 8 s, the droop coefficients are changed to the optimized values. Fig. 9 shows the resulting P and Q transients. After the droop constants are changed, the inverters continue to share P in proportion to their P/f droop constants, while their Q outputs converge to a single shared value.
VII. CONCLUSION
The method proposed in this study offers a systematic approach to calculating the steady-state operating points of a droop-controlled microgrid. The method is fast and accurate, and it supports grid-forming, grid-feeding, and grid-supporting generation units. The structure of the method is similar to a traditional power flow analysis, but it accommodates the coupling between complex power, frequency, and bus voltage that occurs in microgrids with approximating the system as a conventional power grid or relying on the presence of a fictitious slack bus. Steady-state values are provided as synchronous reference frame quantities, which require no modification for compatibility with most microgrid inverter models. In addition to the method's ability to determine consistent system-level operating points for model linearization, the method offers a convenient approach to microgrid steady-state analysis in a format that is easily accessible to both power electronics and power systems engineers.
